
 

27.4.20

IBasicuotions

Recall a Smooth manifold topological space M
covered by charts st transition maps are

smooth

f M N is smooth at c M

for all charts around and 4 around

fix EN we have that

4 fool IR sollte Kr CIR

is smooth atone R
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IM the tangent space at M
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jaon

D CTM.IN lRIDlfg Dlftgcx tflxiD



TM the tangent bundle of M

c W IM lx.rs vcTxMJ TM TlXihXXCM
is a vector bundle over M

The differential of a smooth map

f M N is the smooth map

df TM TN

Set dfl M C Tf N
HEM df dfl IM Tf N

is linear



t.DE xeM is a critical point of f M N

if rank df min dimm dir N

otherwise is a regular point Correspondingly

fix is called a critical or regular value of f

We call k min dimm dimN rank DG the

drank of f at

EI examples from last lecture HH ato
What about the doublepoint
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p S IR vertical projection
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How to compare classify smooth maps

2 DE nLetfi Mi N be smooth i 1,2

Then f and f are topologically equivalent if
there are homomorphisms µ Mz l N Nz

sit M 4 N

rl 2 fe.ie f do for
M Nz

Ji fi.IR IR f x fix X

are Topol equivalent IR IR
O

leiden Mex r te
X O XY

IR IR

but the singularity of feat 0

is degenerate unstable
I L consider a perturbationoff for

fülo O instance
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A smooth equivalence between fi Mi Ni in

is a commutative diagram

M N with r and l diffeomorphism
r de
Mz Ne

Put abstractly the group DiffIM DiffIN acts on

on Colm N by the left right action

l f e for

and f fz are smoothly equivalent if they belong to

the same orbit of the left right action

4 Def f is smoothly left right stable if every

map close to it is smoothly equivalent to it

f stable if its left right orbit is open

REI Topological stability is defined similarly fireplace diffeon

by homeon everywhere hr stable Slop stable



EG
p S IT is left right and topologically stable

q S IR gex sin 2x is

Rhein both leftright and topol unstable

It is often convenient or necessary to work

with a version of stability This leads

to the notion of man gerunstgernsof
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µ f fand g

r 8Äh



f Let f g M N and M We say

fand g have the same gern at if ZU
neighborhoodof s.t.fla g.lu This defines an equivalence

relation on CHAN and its equivalence classes are

Called smooth germs of maps or map germs at

6 A map germ f at is leftright smoothly

equivalent to a map germ feat if there

exist diffeomorphism germs r at sending to

and l at fox sending fix to fix

such that JU a neighbourhood of x with

hof r f on U

The equivalence class of a germ at a

Critical point is called a singularity

depending on the germs of fief ad r l



A map germ f Man at xem is left right

Smoothly stable if J neighbourhoods U of X

and E of f in CMM.eu such that

FEE 3 ich the germ of Fate is

equivalent to the germ
off at x
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Remark Topological equivalence and stability of
germs are defined similarly

The map germs f A und fix X

at 0 am topologically equivalent but not

left right equivalent
The gern f at 0 is stable while the germ

fz at 0 is not


